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Abstract- -Quint ic  spline technique and splitting method have been used to develop a new-finite 
difference method to solve regularized long wave (RLW) equation. The convergence and the stability 
of the proposed method are discussed. Then, it is used to model solitary wave motion and undular 
bore development bysolving two test examples. © 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Solitons are ubiquitous and exist in many kinds of systems from sky to laboratory, from physical 
to biological systems. For solitons to appear, the relevant equation of motion must be nonlinear. 
Following the partial differential equation, 
ut + ux + uux + Uxxx =0 (1.1) 
is known as the Korteweg de Vries (KdV) equation, and describes phenomena with weak non- 
linearity and weak dispersion, including waves in shallow water, ion-acoustic and magnetohy- 
drodynamic waves in plasma, and phonon packets in nonlinear crystals. The nonlinear partial 
differential equation (1.1) possesses rigorous solitons as solutions. Jain et al. [1] and references 
cited therein have suggested the study of the regularized long wave (RLW) equation as an alter- 
nate to the KdV equation (1.1), which may be written as 
ut+ux+auux-buxzt  =0,  xER,  t>0,  
u(x, O) = g(x), x E R, 
(1.2) 
where a and b are real constants. Several researchers have used finite-difference method to solve 
RLW equation. Peregrine [2] used the finite-difference scheme, which is only first-order accurate 
in time and second-order accurate in space. He was the first to use the RLW equation to describe 
the development of an undular bore. Eilbeck and McGuire [3] gave a second-order difference 
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method, accurate both in space and time, but it is a three level scheme and requires another 
approximation i itially. Bona et al. [4] have critically examined the finite-difference schemes 
for solving RLW equation. Jain et al. [1] set up a numerical solution based on cubic sp!ine 
interpolation functions which is used to model the motion of solitary waves and formation of an 
undular bore. The scheme proposed by Jain et al. [1] is of second-order accurate in both space 
and time. 
Here, we develop a new finite-difference scheme based on operator splitting and quintic spline 
interpolation functions technique for the solution of the RLW equation to get a higher-order 
scheme. Then, it is used to model solitary wave motion and undular bore development. 
1.1. Numerical Method 
The regularized long wave (RLW) equation can be written as 
ut + ux + afx - buxxt = O, 
where f = u2/2. 
(1.3) 
Splitting 
We split equation (1.3) as 
Quintic Spline 
1 (u - buxx)t = -~f~, 
2 
1 
(u buxx)t -Ux. 
2 
(1.4) 
(1.5) 
Consider a mesh with nodal points in interval [p, q] such that the set of nodal points {p = 
xo, Xl, x2 . . . ,  XN-1, XN = q} with mesh size h = (q -p ) /N  may be denoted by A. Suppose that 
an associated set of ordinates is prescribed Y = Yo, Y l , . . . ,  YN. 
A function S~ (x) is defined such that 
(i) it is a polynomial of degree five in each interval [xi-1, xi], i = 1, 2 , . . . ,  N; 
(ii) it is a continuous together with its first-, second-, third-, and fourth-order derivatives in 
~,q]; 
(iii) it satisfies Sz~(xi) = Yi, i = 1,2, . . .  ,N. 
Then, the function Szx(x) is called quintic spline function. 
(i) 
(ii) 
(iii) 
(iv) 
where 
Spline Relat ions  
Let function SA(X) interpolate u(x) at the mesh point xi with h as mesh step, i.e., SA(xi )  = ui, 
= S"  Ix~ = Mi, Cm(x~ = Ti, SiV(x ~ = Fi, we have the spline i I(1)N. Denoting S2(Xi ) =mi ,  A t  ) OAt  z] A i  I) 
relations (continuity conditions) for equal subintervals as 
Axm~ = (120/24h) FxUi, 
AxMi = (120/6h 2) a~Ui, 
AxT i = (120/2h 3) IIxUi , and 
A~F~ = (120/h 4) ~4U,, 
AxU, i - Ui+2 + 26Ui+1 + 66U~ + 26Ui_1 + Ui-2, 
FxUi - Ui+2 + 10Ui+l - 10Ui-1 + Ui-2, 
(Txai =- a~+2 + 2Ui+l - 6Ui + 2Ui-1 + Ui-2, 
HxUi  - U~+2 - 2Ui+l  + 2Ui -1  + U i -2 ,  
54U~ - U~+2 - 4U~+1 + 6U~ - 4U~-1 + U~-2. 
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Approximating the derivative uzz by second-order derivative M~ of the quintic spline function 
SA(x) interpolating U/n[= U(xi, tn)], fx by the first derivative m~ of the quintic spline function 
S*a(x ) interpolating f/n and the time derivative by the half-step forward difference, equation (1.4) 
can be written as 
Ui n+l/2 - bMi n+1/2 = Ui n - bMi n - kOlami n+1/2 - ka (1 - 01)mi n, (1.6) 
where 01 E [0, 1] is a quintic spline parameter; k is the increment in time. 
Now, the continuity condition [5] for the derivatives of the splines are 
Axm~ = -~-~ F n (1.7) 
and 
120 - n 
A x M /n = -C~ ~ x ~ ~ . (1.8) 
Eliminating M n and mp from (1.6)-(1.8), we get the finite-difference approximation to equa- 
tion (1.6) as 
Ax -  20b "~ un+l/2 -"~-O'x) q-5(~)Oia['xf? +1/2 
(1.9) 
= (Ax-  2:-~--~b2b2 ax) un-  5 (k )  (1-Ol)ar~f/n. 
Similarly, we obtain the finite-difference approximation to equation (1.5) in the following form: 
(A~ 20 _~brrz + 5 (k )  O2aFx) Un+l = (Ax 20 aFz) Un+l/2. • -~b~x-5(k)(1-02)  (1.10) 
Equations (1.9) and (1.10) together give a multistep implicit finite-difference scheme for solving 
RLW equation (1.3). 
For computational purposes, we remove the nonlinearity in equation (1.9) by using Taylor's 
series expansion 
fn+l/2 k [C~f ] n 
Ji = / /n+2LOt J~ +O(k2) 
(1.11) 
L0 [°s °q (v: +1" o =//n + + O (k 2) = f/n + A? - U/n) + 
Hence, for computations, we get the finite-difference approximation of equa- where A = o__Z Ou" 
tion (1.4) as 
(Ax - b (A'~)) U n+l/2 20-£Tax + 5 ( k ) OlaF= • 
(1.12) 
= (A~ - 20 ~---ffax - 5 ( k ) (1- Ol)aFx (Ap)) U/n. 
Thus, equations (1.10) and (1.12) constitute the numerical algorithm for RLW equation (1.3). 
2. LOCAL  TRUNCATION ERROR AND 
Local truncation errors in equations (1.9) and (1.10) are given by 
and 
STABIL ITY  
k ~ [15 (~.)?  - 156 (~xx.)? + 600,a (fx~)?] 
+k3 [ 5 (uttt)'~-5b(u~ttt): +1501a(f~tt)n 
+k2h2145 (Uzztt)n-.1-52 b(uxxxztt)'~+1501a(fzxzt)~ ] 
[7 n 11 ,~ 7 n] +kh 4 (u~x~t)~ - --~b (u~x~t)~ + -~a (f~x~)i 
(2.13) 
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k 2 [15' ,n+~/2 . v~+1/2] [tttt)i -- 15b (Uzxtt)? +1/2 + 6002 t~xt/i j 
[5 - - 
+k2h2 [l-5: (uxxtt)~+l/2--- 
+kh 4 lUzxxxt)i  -- - -  
5.  ~ \n+l/2 ] 
50 tUxxttt)i q- 1502 (uxttt)~ +1/2 
J 
15 b/u ~n+l/2 (Uxxxt)?+l/2] k xxxxtt]i q- 1502 
. I  
l lbr u ~n+1/2 7 ] 
\ XXXXXXt]i -~ 2 (UXXXXXt)? q-1/2j ' 
(2.14) 
respectively, by neglecting the terms of higher order. Equations (2.13) and (2.14) give truncation 
error of the order of (k 2 + k 3 + k2h 2 + kh 4) for the quintic spline parameters 01,02 c [0, 1]. For 
01 = 02 = 1/2, equations (2.13) and (2.14) give the truncation error of order (k 3 + kh4). 
For stability analysis and local truncation error in calculating U~ +1 from U~ for the proposed 
numerical scheme, we eliminate the intermediate value of u to get the difference relation in U n+l 
and U~ ~ as 
(Az- 20 _~bax+5(k) OlaF~(A~)) (Ax 20 -~a~ + 5 (k )  O2aF~) U: +1 
= (Ax-~2bax-5  (k )  (1 -  02) aFx) (Ax -~2baz-5  (k ) (1 -O l )aFx(An) )  U n. 
(2.15) 
For stability analysis, we use the VonNeumann stability method [6]. We substitute U n = 
A~ne jzih, where fl is a real number, j = v/L--l, A is an arbitrary constant and the number ~ is 
called the amplification factor of the scheme. For stability I~1 = 1, which gives that the proposed 
numerical scheme is unconditionally stable for 0i > 1/2, (i = 1,2). Since the local truncation 
error in the equations (2.13) and (2.14) is of the order (k 3 + kh 4) . Hence, the numerical method 
is of order (k 2 + h a ) for 01 = 02 = 1/2. 
3. ALGORITHM 
1. Calculate U~ +1/2 using equation (1.12) by inverting a penta-diagonal matrix. 
2. Calculate Ui n+l using equation (1.10) by inverting a penta-diagonal matrix. 
For Step 1, we use given initial conditions, but for Step 2, we use the values of U n+1/2 as initial 
conditions to evaluate U~ +1. At each time step, the elements of A~ are updated. 
4. NUMERICAL  EXAMPLES AND DISCUSSION 
Now, we solve two test examples to illustrate the accuracy and efficiency of the developed 
numerical scheme. 
EXAMPLE 1. Consider RLW equation (1.2) for a = b = 1 with the boundary condition 
u(+25, t) = 0, t > 0, (4.16) 
and the initial condition as 
u(x, 0) = 3c seeh 2(px), (4.17) 
where c is an arbitrary constant and p = (1/2) (c/(1 + c)) 1/2. The single solitary wave solution 
of RLW equation is [2] 
u(x, t) = 3csech2(px - wt + ¢), (4.18) 
where w = (1/2)(c(c + 1)) 1/2 and ¢ is an arbitrary constant. 
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Figure 1. Single soliton solution: C = 0.03, h = 0.1 = k at t = 40. 
2O 
0.35 
0.3 
0.25 
0.2 
{).15 
0.1 
O.05 
{1 
-2{1 
I I I I I I 
Numer ica l  
I I 
- 1.5 - 10 -5 0 5 10 15 2(} 
x- t  
Figure 2. Single soliton solution: C = 0.1, h = 0.1 = k at t -- 40. 
We choose h = 0.1 = k, ¢ --= 0 and the domain of the solution as -25  _< (x - t) _< 25 for 
computat ions.  F igures 1 and 2 show the comparison between numerical  solution and sol iton 
solut ion of the RLW equation for c = 0.03 and c = 0.1. 
It  is clear from Figures 1 and 2 that  the proposed scheme gives better  results than the scheme 
given by Ja in et al. [1]. 
EXAMPLE 2. Consider equat ion (1.2) for the undular bore (a = 3/2, b = 1/6) with the init ial  
condit ions 
1 (  1 (d ) )  (4.19) u(x,O) = -~Uo - tan  , 
and boundary  condit ion 
u( -20 ,  t) = u0, u(20, t) = 0, (4.20) 
where uo and d are constants.  
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Figure 5. Development of first undulation t --- 0 to t = 250. U0 = 0.1, h = 0.1, 
At  = 0.1, a = 3/2, b = 1/6. (a) Gentle slope, d = 5. (b) Steep slope, d = 2. 
For computations, we choose u0 = 0.1 and d = 5, and for steeper profile d -- 2. Figure 3 shows 
the development of the undular bore for times up to t = 225. The progress of undular bore is 
smooth and quite stable at about t = 150. The development of the undular bore obtained with 
the steeper initial profile given by d -- 2 is shown in Figure 4, and this shows no instability. 
Figure 5 is plotted for the progress of undulation for 
(a) d=5,  and 
(b) d = 2, 
which shows the smooth growth curves rather than lumpy growth curves as in [1]. 
5. CONCLUSION 
The splitting method is one of the powerful techniques ince splitting methods in time and in 
space are used to achieve simplicity and economy in the algorithm. The present method uses 
splitting in time and is very easy to implement. This requires the inversion of two five-diagonal 
matrices at each time step. The comparison of the soliton solution (exact solution) with numerical 
solution in Figures 1 and 2 proves the accuracy of the method. The smoothness and stability 
in the progress of undular bore shown in Figures 3-5 establishes the robustness of the method. 
Hence, we can say that the proposed method is a panacea for RLW equation. 
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